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Abstract. In the framework of the Extended Scale Relativity Theory, the
Schrodinger type geodesics and non-differentiable hydrodynamic model are
given. In the one-dimensional case of the non-differentiable hydrodynamic
model, an analytical solution is obtained in the form of cnoidal oscillation
modes. Associating a Toda lattice to the cnoidal oscillation modes, two types of
cellular neural networks result by mapping: a differentiable cellular neural
network and a non-differentiable cellular neural network. This model can be
applied to bacterial growth process.

Keywords: differentiable cellular neural network; non-differentiable
cellular neural network; coherence; Toda lattice; cnoidal oscillation modes;
soliton; wave; neuron.

*Corresponding author; e-mail: gavrilutgabriel@yahoo.com



68 Gabriel Gavrilut et al.

1. Introduction

Many phenomena with complex patterns and structures are widely
observed in the brain. These phenomena are some manifestations of a
multidisciplinary paradigm called emergence or complexity. They share a common
unifying principle of dynamic arrays, namely, interconnections of a sufficiently
large number of simple dynamic units can exibit extremely complex and self-
organizing behaviors (Karayiannis & Venetsanopoulos, 1993; Chow, 2007).

Standard theoretical models of complex systems dynamics are
sophisticated and ambiguous (Flake, 1998; Mitchell, 2009). However, such
situation can be simplified if we consider that complexities in interaction
processes impose various time resolution scales and the evolution pattern leads
to different freedom degrees. To develop new theoretical models, we have to
admit that the complex system entities with chaotic behaviours can achieve self-
similarity (space-time structures can appear) associated with strong fluctuations
at all possible space-time scales. Then, for time scales that prove to be larger if
compared with the inverse of the highest Lyapunov exponent, the deterministic
trajectories are replaced by a collection of potential routes. In its turn, the
concept of “definite positions” is peplaced by that of probability density.

Thus, non-differentiability appears as a universal property of complex
systems and, moreover, it is necessary to create non-diffentiability physics of
complex systems. Under such circumstances, if we consider that the complexity
of interactions in the dynamics of complex systems is replaced by non-
differentiability, it is no longer necessary to use the whole classical arsenal of
quantities from standard physics (differentiable physics). This topic was
developed using either the Scale Relativity Theory (SRT) (Nottale, 2011) and
Extended Scale Relativity Theory (ESRT) i.e., SRT with arbitrary constant
fractal dimension. On the fundaments of such model and some of its
implications, the reader can refer to Gottlieb et al., 2006; Gurlui et al., 2006,
Timofte et al., 2011. According to these models, the dynamics of complex
system quasi-particles takes place on continuous but non-differentiable curves
(fractal curves) so that all physical phenomena involved depend not only on
space-time coordinates but also on space-time scale resolution. That is why
physical quantities describing the dynamics of complex systems can be
considered as fractal functions (Nottale, 2011; Mandelbrot, 1983). Moreover,
according to geodesics in a non-differentiable (fractal) space, the complex system
quasi-particles may be reduced to, and identified with, their own trajectories (i.e.,
their geodesics) so that the complex system should behave as a special “fluid”
lacking interactions - fractal fluid (Nottale, 2011; Timofte et al., 2011).

In the present paper, we consider that the nervous influxe (through
brain’s neuronal network) takes place on continuous but non-differentiable
curves in the hydrodynamic variant of scale relativity (with arbitrary constant
fractal dimension). Dynamics types that are compatible with such frame of a
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cellular neural network are analyzed. In a such context some implication of the
mathematical model in the bacterial growth process are achived.

2. Results and Discussions

2.1. Brief Remainder of the Theory

We can simplify the dynamics in complex systems assuming that its
entities (structural units) (Mitchell, 2009) move on continuous but non-
differentiable curves. Once accepted such a hypothesis, the dynamics of the

entities is given by the non-differentiable operator d/ dt (Timofte et al., 2011).

4 _ 2y voip(ar)®™ A (1)
dt ot
where

V=V, -iV, )

is the complex velocity, V, is the differentiable and scale resolution

independent velocity, V, is the non-differentiable and resolution scale
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A is the

dissipative term, V is the nabla operator, A is the Laplace operator, D,. is the

dependent velocity, V.V is the convective term, D(dt)

fractal dimension of the motion curve, df is the scale resolution and D is a
specific coefficient associated to the differentiable-non-differentiable transition.

For D, any definition can be used (the Hausdorff-Besikovici fractal dimension,
the Kolmogorov fractal dimension etc. (Mandelbrot, 1983)), but once accepted
such a definition for D, , it has to be maintained over the entire analysis of the

complex system dynamics. Applying the non-differentiable operator (1) to the
complex speed (2) and accepting the scale covariance principle in the form:

av
—=-VU 3
” 3)
we obtain the motion equation
ﬂ:a—V+(I}-V)I}—iD(dt)(2/DF)_lAI}:—VU 4)
dt ot

where U is the external scalar potential. It means that at any point of a non-

differentiable path, the local acceleration term, QI} , the non-linearly
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@/Dp)-1

(convective) term, (I}V)I} the dissipative term, D(dt) AV and

external force, VU makes their balance. Therefore, the complex structure
dynamics can be assimilated with the dynamics of a “rheological” fluid. This

dynamics is described by the complex velocities field, I;, the complex

acceleration field, dV / dt etc. and by the imaginary viscosity type coefficient,
iD(dr)®"F™,
For irrotational motions of the complex system entities:

VxV =0,VxV, =0,VxV, =0 )
we can choose V' of the form
V =—2iD(dt)*" ! vinw ()

where @ =InY is the velocity scalar potential. By substituting (6) in (4) and
using the method described in (Timofte et al., 2011), it results:

v _ ~2iD(dr)*"" v Ot _ 2iD(dr) > Wi_vu @
dt ot
This equation can be integrated and yields:
D*(dt)*"" AW +iD (dr) ! aa—lf —%‘P -0 @®)

up to an arbitrary phase vector which may be set to zero by a suitable choice of
the phase of W . For motions of complex system entities on Peano’s curves,

D, =2,theeq. (8) takes the Nottale’s form:

DAY +iD,, aa_\p —%‘P =0, D=D, )
¢

Moreover, for motions of complex systems on Peano curves, D, =2,
at Compton scale, D = 7/2m,, with 7, the reduced Planck constant and m,

the rest mass of the complex system entities, the relation (8) becomes the
standard Schrodinger equation (Phillips, 2003):

2
f A‘P+ihaa—lf—U‘P=O (10)

2m,
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If ¥= \/;eis , with y/p the amplitude and S the phase of ¥, the
complex velocity field (6) takes the form

2/Dp)- 2/Dy )~

vV =2D(dt)*”" vs—iD(dt)*"" Vinp (11)
v, =2D(dr)""" vs (12)
V, =D(dt)""" Vinp (13)

By substituting (11)—(13) in (4) and separating the real and the
imaginary parts, up to an arbitrary phase factor which may be set at zero by a
suitable choice of the phase of ¥, we obtain:

thD +(V,-V)V,==V(0+U) (14)
aa—f+V-(pVD):O (15)

with Q the specific non-differentiable potential

2
0 =-2D (dt)*™ Mo Vi D(d)*™ "' vy, (e
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The eq. (14) represents the specific momentum conservation law, while
eq. (15) represents the states density conservation law. The eqgs. (14)—(16)
define the non-differentiable hydrodynamics model (NDHM).

The following conclusions are obvious:

1) Any entity of the complex system is in a permanent interaction with the
non-differentiable medium through the specific non-differentiable potential (16);

ii) The non-differentiable medium is identified with a non-differentiable
fluid described by the specific momentum and states density conservation laws;

iii) The non-differentiable speed V, does not represent actual
mechanical motion, but it contributes to the transfer of specific momentum and
the concentration of energy. This may be seen clearly from the absence of V,.

from the states density conservation law (15) and from its role in the variational
principle (Nottale, 2011);

iv) Any interpretation of Q should take cognizance of the “self” nature
of the specific momentum transfer. While the energy is stored in the form of the
mass motion and potential energy (as clasically is), some is available elsewhere
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and only the total is conserved. It is the conservation of the energy and specific
momentum that ensure reversibility and the existence of eigenstates, but denies
a Brownian motion of interaction with an external medium (Nottale, 2011);

v) Since the position vector of the complex system entity is assimilated
to a stochastic process of Wiener type (Mandelbrot, 1983), ¥ is not only the
scalar potential of complex speed (through InY¥) in the frame of non-

differentiable hydrodynamics, but also density of probability (through | ‘¥ \2 ) in

the frame of a Schrodinger type theory. It results the equivalence between the
formalism of the non-differentiable hydrodynamics and the ones of the
Schrodinger type equation. Moreover, the chaoticity, either through turbulence
in the non-differentiable hydrodynamics approach or through stochasticization
in the Schrédinger type approach, is generated by the non-differentiability of the
movement trajectories in a fractal space.

2.2. Cnoidal Modes, Toda Lattices and Cellular Neural Networks

In one dimensional case, the eqs. (14)—(16) in non-dimensional
coordinates

ot=1,kx=(,0=5-Mr

Yo 2 N, (17)
Voo Po w

for U =—-Ep with E = const., through integration and by eliminating the
velocities field, become
1
k2D (dt) 1 d°N? E M
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In the above relations @ is a critical pusation, k is the inverse of a
critical length, ¥, is a critical velocity, p, is a critical density, M is an
equivalent of Mach number and ¢,,c, are two integration constants.

Using the standard procedure (Timofte ef al., 2011), one obtains the
solution

N=N+2a{E(S)—l:|+2a-cn2[£(9—90);S} (19)

K(s) S

In relations (19), N is the average value of the normalized states
density, a is the amplitude, s is the modulus of the complete elliptical
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integrals of the first and second kind, K(s) and respectively E(s), and cn is
the Jacobi elliptical function of modulus s (Armitage, 2006) and argument

Ja (0—-06,)/s. The modulus s is a control parameter of non-linearity,

depending on both the intrinsic properties of the complex system and of the
dynamics regimes. Therefore, the dynamics of the complex system is achieved
through space-time cnoidal oscillation modes of the normalized states density.
The cnoidal oscillation modes are associated to the Toda lattice (Toda, 1981).

Let us note that the elliptic function cn is double periodical, the real
period being dependent of the modulus s, while the imaginary one is dependent

of the complementary modulus s with conditioning s°+s° =1. Then, by
(19), two solutions are actually explained, one of them being specific to the
states density at differentiable scale induced by the modulus s and the other
one being specific to the states density at non-differentiable scale induced by the

complementary modulus s. To these two solutions are now associated two
Toda type sub-networks Toda, one of them being specific to the differentiable
scale (which will be called differentiable Toda lattice (DTL)) and the other one
being specific to the non-differentiable scale (which will be called non-
differentiable Toda lattice (NDTL)). Accordingly (Jackson, 1992; Chua &
Yang, 1988a; Chua & Yang, 1988b) by mapping there result two cellular neural
networks, one of them being specific to the differentiable scale (we shall call it
differentiable cellular neural network (DNNC)) and the other one being specific
to the non-diferentiabile scale (will be called non-differentiable cellular neural
network (NDNNC)). These two networks, even they have distinct
functionalities, one of them being associated to “the outer” of the complex
system through the diferentiable scale and the other one being associated to the
“inner” of the same complex system through the non-diferentiable scale,
simultaneously coexist and are interdependent. Practically, together with the
differentiable-non-differentiable Toda lattice pair, the differentiable-non-
differentiable cellular neural network pair is generated by mapping.

The self similarity of the space-time cnoidal oscillation modes specifies
the existence of some “cloning” mechanisms (full and fractional wave function
revivals - a wave functions evolves in time to a state describable as a collection
of spatially distributed sub-wave functions that each closely reproduces the
initial wave function shape (Aronstein & Stroud, 1997)). All these show a direct
connection between the non-differentiable structure of the “dynamics regimes”
and holographic principle (in any finite volume of a complex system it finds its
entire structure) (Mandelbrot, 1983; Nottale, 2011).

In our opinion the previous mechanisms of the human brain play a
fundamental role in the bacterial growth process (under external constraints
such as injuries the adequate “software” in the brain comes into motion, thus
activating specific bacteria. We note that “Bacterial growth is the asexual
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reproduction or cell division, of a bacterium into two daughter cells, in a
process called binary fission. Providing no mutational event occurs the resulting
daughter cells are genetically identical to the original cell. Hence local doubling
of the bacterial population occurs. Both daughter cells from the division do not
necessarily survive. However, if the number surviving exceeds unity on average,
the bacterial population undergoes exponential growth. The measurement of an
exponential bacterial growth curve in batch culture was traditionally a part of the
training of all microbiologists; the basic means requires bacterial enumeration
(cell counting) by direct and individual (microscopic, flow cytometry), direct and
bulk (biomass), indirect and individual (colony counting), or indirect and bulk
(most probable number, turbidity, nutrient uptake) methods. Models reconcile
theory with the measurements” (Skarstad et al. 1983; Zwietering et al. 1990;
https://en.wikipedia.org/wiki/Bacterial growth#cite notepmid6341358-1).

3. Conclusions

The main conclusions of the present paper are the following:

i) In the ESRT, the Schrodinger type geodesics and non-differentiable
hydrodynamic equations are obtained;

ii) In the one-dimensional case, a solution of the non-differentiable
hydrodynamic equations in the form of cnoidal oscillation modes is given;

ii1) Associating a one-dimensional Toda lattice to the cnoidal oscillation
modes, two cellular neural networks result by mapping, one of them being
specific to the differentiable scale (differentiable cellular neural network
(DNNC)) and the other one being specific to the non-differentiable scale (non-
differentiable cellular neural network (NDNNC));

iv) Specific mechanisms required by the cellular neural network of the
brain in the bacterial growth process are analyzed.

Implications of these cellular neural networks in the functionality of some
biological systems are given in Duceac et al., 2015a and Duceac et al., 2015b.
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RETELE NEURALE CELULARE DIFERENTIABILE $I
NEDIFERENTIABILE CU IMPLICATII IN PROCESUL DE CRESTERE A
BACTERIILOR. UN MODEL MATEMATIC (I)

(Rezumat)

in cadrul Teoriei Extinse a Relativitatii de Scala, sunt obtinute geodezicele de
tip Schrodinger si cele ale modelului hidrodinamic. In cazul unidimensional al
modelului hidrodinamic nediferentiabil, este obtinutd o solutie analitici sub forma
modurilor de oscilatie cnoidale. Asociind modurilor de oscilatii cnoidale o retea de tip
Toda, prin mapare, rezultd doua tipuri de retele celulare neurale, o retea celulara neurala
diferentiabila si o retea celulara neurald nediferentiabila. Cateva implicatii ale modelului
in mecanismul de crestere al bacteriilor este de asemenea considerat in cadrul lucrarii.
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