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Abstract. In this paper, some results concerning various forms of atomicity
are given from the Quantum Measure Theory mathematical perspective and
several physical applications are provided. Precisely, the mathematical concept
of minimal atomicity is extended, and, based on the remark that Quantum
Mechanics is a particular case of Fractal Mechanics for a specified scale
resolution, the concept of fractal atomicity (and, particularly, fractal minimal
atomicity) is introduced. Some of their mathematical properties are also given.
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1. Introduction

Measure Theory concerns with assigning a notion of size to sets. In the
last years, non-additive measures theory was given an increasing interest due to
its various applications in a wide range of areas. It is used to describe situations
concerning conflicts or cooperations among intelligent rational players, giving
an appropriate mathematical framework to predict the outcome of the process.
Precisely, theories dealing with (pseudo)atoms and monotonicity are used in
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statistics, game theory, probabilities, artificial intelligence. The notion of non-
atomicity for set (multi)functions plays a key role in measure theory and its
applications and extensions. Even just replacing-additivity with finite additivity
for measures requires some stronger non-atomicity property for the same
conclusion to hold.

(Non)atomic measures and purely atomic measures have been
investigated (in different variants) due to their special form and their special
properties, e.g. (Chitescu, 1975, 2001; Cavaliere and Ventriglia, 2014; Gavrilut
and Agop, 2016; Gavrilut and Croitoru, 2008, 2009, 2010; Gavrilut, 2010,
2011, 2012; Gavrilut et al., 2015; Khare and Singh, 2008; Li et al., 2014, 2015;
Pap, 1994, 1995, 2002; Pap et al. 2016; Rao and Rao, 1983; Suzuki, 1991; Wu
and Bo, 2007).

One important application of Measure Theory is in probability, where a
measurable set is interpreted as an event and its measure as the probability that
the event will occur. Since probability is an important notion in Quantum
Mechanics, Measure Theory’s techniques could be used to study quantum
phenomena. Unfortunately, one of the foundational axioms of Measure Theory
does not remain valid in its intuitive application to Quantum Mechanics.

Although classical measure theory imposes strict additivity conditions,
a rich theory of non-additive measures developed. Precisely, modifications of
traditional Measure Theory (Pap, 1994, 1995, 2002) led to Quantum Measure
Theory (Gudder, 2009a, 2009b, 2010, 2011a, 2011b; Salgado, 2002; Sorkin,
1994, 1997, 2007; Surya and Waldlden, 2008). Practically, an extended notion
of a measure has been introduced and its applications to the study of
interference, probability, and space-time histories in Quantum Mechanics have
been discussed (Schweizer and Sklar, 1983).

Quantum Measure Theory is a generalization of Quantum Theory where
physical predictions are computed from a matrix known as a decoherence
functional. Introduced by (Sorkin, 1994, 1997, 2007), quantum measures help
us to describe Quantum Mechanics and its applications to Quantum Gravity and
Cosmology (Hartle, 1990). Quantum Measure Theory indicates a wide variety
of applications, its mathematical structure being used in the standard quantum
formalism.

Despite the continuous efforts of numerous scientists, reconciling
General Relativity with Quantum Theory remains one of the most important
open problems in Physics. The framework of General Relativity suggests that
one promising approach to such unification will be by means of a reformulation
of Quantum Theory in terms of histories rather than states. Following this idea,
(Sorkin, 1994, 1997, 2007), has proposed a history-based framework, which can
unify standard Quantum Mechanics as well as physical theories beyond the
guantum formalism.

In such framework, Schrodinger’s equation from Quantum Mechanics
can be identified with a particular type of geodesic of the fractal space. In
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consequence, fundamental concepts of Quantum Mechanics can be extended to
similar concepts, but on fractal manifolds. The aim of this paper is to provide
the mathematical-physical framework that is necessary to extend some of these
concepts. Precisely, we extend the concept of atoms/pseudo-atoms to the
concept of fractal minimal atom/fractal pseudo-atom, respectively. We also give
characterizations from a mathematical viewpoint to these new concepts and we
make explicit certain physical implications. The notion of a fractal minimal
atom as a particular case of fractal atom is also discussed.

2. Towards Quantum Measure Theory by
Means of Fractal Mechanics

The basic idea behind Quantum Measure Theory, or Generalized
Quantum Mechanics, for that matter, is to provide a description of the world in
terms of histories. A history is a classical description of the system under
consideration for a given period of time, finite or infinite. If we are trying to
describe a system of N particles, then a history will be given by N classical
trajectories. If we are working with a field theory, then a history will correspond
to the spatial configuration of the field as a function of time. In either case,
Quantum Measure Theory tries to provide a way to describe the world through
classical histories by extending the notion of probability theory which is clearly
not rich enough to model our universe.

On the other hand, structures, self-structures etc. of the Nature can be
assimilated to complex systems, taking into account both their functionality, as
well as their structure (Mitchell, 2009; Nottale, 2011). The models commonly
used to study the dynamics of complex systems are based on the assumption,
otherwise unjustified, of the differentiability of the physical quantities that
describe it, such as density, momentum, energy etc. (for mathematical models
and for applications, see (Merches and Agop, 2015; Nottale, 2011).

The success of differentiable models must be understood sequentially,
i.e. on domains large enough that differentiability and integrability are valid.
But differential method fails when facing the physical reality, with non-
differentiable or non-integral physical dynamics, such as instabilities in the case
of dynamics of complex systems, instabilities that can generate both chaos and
patterns.

In order to describe such dynamics of complex systems, but still
remaining tributary to a differential hypothesis, it is necessary to introduce, in
an explicit manner, the scale resolution in the expressions of the physical
variables that describe these dynamics and, implicitly, in the fundamental
equations of “evolution” (for example, density, momentum, energy equations
etc.). This means that any dynamic variable, dependent, in a classical meaning,
on both spatial coordinates and time (Michel and Thomas, 2012; Mitchell,
2009), becomes, in this new context, dependent also on the resolution scale.
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In other words, instead of working with a dynamic variable, described
through a strictly non-differentiable mathematical function, we will just work
with different approximations of that function, derived through its averaging at
different resolution scales. Consequently, any dynamic variable acts as the limit
of a functions family, the function being non-differentiable for a null resolution
scale and differentiable for a non-zero resolution scale.

This approach, well adapted for applications in the field of dynamics of
complex systems, where any real determination is conducted at a finite
resolution scale, clearly implies the development both of a new geometric
structure and of a physical theory (applied to dynamics of complex systems) for
which the motion laws, invariant to spatial and temporal coordinates
transformations, are integrated with scale laws, invariant at scale
transformations.

Such a theory that includes the geometric structure based on the above
presented assumptions was developed in the Scale Relativity Theory (Nottale,
2011) and more recently in the Scale Relativity Theory with an arbitrary
constant fractal dimension (Merches and Agop, 2015). Both theories define
the “fractal physics models” class (Merches and Agop, 2015; Nottale, 2011).

Various theoretical aspects and applications of the Scale Relativity
Theory with an arbitrary constant fractal dimension in the field of physics are
presented in (Merches and Agop, 2015; Nottale, 2011). In this model, if we
assume that the complexity of interactions in the dynamics of complex systems
is replaced by non-differentiability, then the motions constrained on continuous,
but differentiable curves in an Euclidean space are replaced with free motions,
without any constrains, on continuous, but non-differentiable curves (fractal
curves) in a fractal space. In other words, for time resolution scale that prove to
be large when compared with the inverse of the highest Lyapunov exponent
(Mandelbrot, 1983), the deterministic trajectories are replaced by a collection of
potential routes, so that the concept of “definite positions” is substituted by that
of an ensemble of positions having a definite probability density (Mandelbrot,
1983; Merches and Agop, 2015; Nottale, 2011).

In consequence, the motion curves have double identity: both geodesics
of the fractal space and streamlines of a fractal fluid, whose entities (the
structural units of the complex system) are substituted with the geodesics
themselves so that any external constrains are interpreted as a selection of
geodesics by means of measuring device.

Since in such conjecture the Quantum Mechanics becomes a particular
case of Fractal Mechanics, then Quantum Measure Theory could become, in our
opinion, a particular type of a Fractal Measure Theory.
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3. Minimal Atoms

Let T be an abstract nonvoid set, C a ring of subsets of T,X a
Banach space, P, (X) the family of all nonvoid closed subsets of X and

1 :C—P,(X) an arbitrary set multifunction which satisfies the condition
u(2) ={0}-

By | u|, defined on C and taking values in [0,0], we mean the set
function defined for every AeC by | u(A)|= h(u(A),{0}), where h is the

Hausdorff-Pompeiu pseudo-metric (Gavrilut, 2012).
Definition 3.1 1) We say that u is:

(i) monotone with respect to the inclusion of sets if #(A) < x(B), for
every A, BeC, with AcB;

(i) null-additive if u(AUB)=u(A), for every ABeC, with
u(B)=0;

(iii) null-null-additive if x#(AwB)={0}, for every A BeC, with
H(A) = u(B) ={0}:

I) We say that a set AeCis:

(i) a minimal atom of xif u(A) {0}, u(A)={0} and for every
B € C, B < A, we have either 1(B)={0} or A=B;

(ii) (Gavrilut, 2010, 2011, 2012; Gavrilut and Croitoru, 2008, 2009,
2010) an atom of g if 1(A) {0}, u(A) #{0}and for everyBe C,B c A,
we have either x(B) ={0} or x(A\B) ={0};

(iii) (Gavrilut, 2010, 2011, 2012; Gavrilut and Croitoru, 2008, 2009,
2010) a pseudo-atom of u if wu(A)2{0} , wu(A)={0} and for every
B € C, B < A, we have either (B) ={0} or u(A) = u(B).

Obviously, there exist atoms which are not minimal atoms.

We denote by A the collection of all atoms of x and by MA the
collection of all minimal atoms of x In what follows, suppose that s is
monotone.

Remark 3.2 (i) Any minimal atom is also an atom (and a pseudo-atom),
SO0,

MA ={AeC; u(A) 2{0}, wu(A)={0} and for every
BeC,Bc A B= Awehave u(B)={0}}c

c A={AecC; u(A) {0}, u(A) #{0}and for every BeC,Bc A
we have either £(B) ={0}or u(A\ B) ={0}};
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(ii) If, moreover, g is null-additive, then any atom of 4 is also a
pseudo-atom;

(iii) If A is a minimal atom of 4, thenforevery BeC, B A B= A
we have 4(B) 2{0} u(B) = {0}

(iv) If m:C —[0,) is monotone, m(&) =0 and x:C — P, (R),
#(A) =[0,m(A)],for every Ae C,then a set Ac Cis an atom / pseudo-atom /
minimal atom of 4« if and only if the same is A for m in the sense of (Mesiar

etal., 2017; Ouyang et al., 2015).
u is called the set multifunction induced by the set functionm .

In consequence, one can have different examples concerning minimal
atoms with respect to the set multifunction induced by a set function, taking as
starting point the examples given in (Mesiar et al., 2017; Ouyang et al., 2015).

Proposition 3.3 If x:C — P, (X) is null-null-additive and A,BeC
are two different minimal atoms of «, then AnB = .

Proof. Suppose that, on the contrary, there exist two non-disjoint,
different minimal atoms A, B € C of x. Since A\(AnB)=A\Bc A and
AnBcB, then [#(A\B)={0} or A\B=A] and [(AnB)={0} or
ANnB=B].

@) 1If u(A\B) ={0}, u(AnB) ={0}, since x is null-null-additive,
we get that «(A) ={0}, a contradiction.

(i) If A\B = A, then AnB =, a contradiction.

(iii) If (A\B) ={0} and AnB=B, then Bc A, so x(B)={0} (or
B = A, which is false), so again by the null-null-additivity of «, we have
1(A) ={0%}, a contradiction.

Evidently, if AeC is a minimal atom of z, it can not exist another
different minimal atom A, € C of x sothat A c A

Proposition 3.4 (i) If T is finite, then for every AeC , with
1(A) {0}, 1(A) #{0}, there exists B € C, B < A, which is a minimal atom
of u.

(ii) If, moreover, A is an atom of g and x is null-additive, then
u(A) = u(B) and the set B is unique.

Proof. (i) Let us consider the collection of sets
M={M €C,M c A, (M) {0}, u(M) ={0}}. Obviously, M =&, since
A e C. We remark that any minimal element of M is a minimal atom of .
Indeed, let M e M be a minimal element of M. Evidently, there can not exist
DeM sothat DM and D= M (*).
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Since M eM ,then M e C,M c A, (M) {0}, (M) ={0}.

We demonstrate that M is a minimal atom of . . Indeed, for any
ScM, SeC, we have either 1(S)={0} or u(S) {0}, u(S) #{0}. In the
latter case, we have either S =M or S = M, which is in contradiction with (*).

(ii) If on the contrary there are two different minimal atoms B, and B,
of u,then p(A\B)) = u(A\B,) ={0}, whence u(A)={0}, a contradiction.

Proposition 3.5 (self-similarity of minimal atoms). Any subset B € C,
with 1(B) {0}, u(B) #{0}of a minimal atom A Cof 4 is a minimal atom
of u, too.

Proof. Let A< C be a minimal atom of x and consider any B €C,
with 1(B) {0}, «(B) #{0} ,B <= A. We prove that B is a minimal atom of
u. Indeed, for any CeC,Cc B, then Cc A, so either x(C)={0} or
C = A, whence C =B.

Example 3.6 (i) Suppose that 14, 1, : C — P, (R) are two monotone
set multifunctions such that 44 (<) = 1, () ={0}and 14 (A) < 1, (A), for every
AeC (for instance, one can think to g, u,:C—P;(R),
w4 (A) =[0,m (A)], 1, (A) =[0,m, (A)] for every AcC,m;,m, :C — R, being
monotone, m (A) <m,(A), for every AeC, m (<) =m,()=0). Then any
minimal atom of ., isa minimal atom of .

(ii) Let be u:C —> P, (R), u(A) =[-m,(A), m, (A)]for every AeC,
wherem;,m, :C >R, , m(J)=m,()=0.Then a set AcCis a minimal
atom of x iff A is a minimal atom for both m, and m, in the sense of (Mesiar
etal., 2017; Ouyang et al., 2015).

(i) If u:C—oP;(R),u(A) ={m(A)}, for every AcC, where
m:C—->R,, m() =0, then a set AcCis a minimal atom of x iff A is a

minimal atom for m in the sense of (Mesiar et al., 2017; Ouyang et al., 2015).
In this way, one sees that Definition 3.1 - (i) generalizes to the set
valued case the corresponding notion introduced by (Mesiar et al., 2017
Ouyang et al., 2015).
Definition 3.7 (i) If ©:C—>P,(X), let be the variation of g,

1:P(T) —[0, ], which is defined for every AeP(T) by:

_ p _
u(A)=sup{Zm<A\)|;A:QA.A eXVi=Ip,ANA =0z J}-

i=1
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(if) We say that 4 is of finite variation if 14(T) < oo.

Remark 3.8 For every Ac C, we have ;(A) > 1(A)|. Consequently,
if AeC is a minimal atom of ; in the sense of (Mesiar et al., 2017; Ouyang
et al., 2015), then A isa minimal atom of .

Conversely, if Ae Cis a minimal atom of z, then it is also an atom of

I, SO /_I(A) > (A) |, whence A is a minimal atom of ;
p
Remark 3.9 (i) Any set Ae Cthat can be written as Y A (where for

every i =1,_p, A e Care different minimal atoms of ), is partitioned in this
way, since by Proposition 3.3 we have A N A, =, i # .

Since any minimal atom is an atom, then in this case ;(A) = w(A) |,
for every i =1, p. Consequently, if, moreover, 4 is a multisubmeasure of finite

variation in the sense of (Gavrilut, 2009), then by (Gavrilut, 2009), ; is finitely

additive, so u(A) = i | 1(A)].

i=1

(ii) (non-decomposability of minimal atoms) Any minimal atom AeC
can not be partitioned (its only partition is {A,&}).

The converse of the last statement also holds:

Proposition 3.10 Any non-partitionable atom AeC is a minimal
atom.

Proof. Since A is an atom, then u(A) {0}, 1(A) #{0}. On the
other hand, because A is non-partitionable, there can not exist two nonvoid
disjoint subsets of A, letussay A, A, €C.

Let be now arbitrary B € C, with B < A. One has either 1(B) ={0} or
1(B) o{0}, 1(B) #{0}. In the latter situation, we can have only B = A (if
not, {A\ B, B} is a partition of A, which is a contradiction).

Corollary 3.11 An atom is minimal if and only if it is not partitionable.

Theorem 3.12 If T is finite, x is null-additive and {Aﬁ}i:fp is the set

of all minimal different atoms contained in a set AeC , with
p

1(A) o{0}, u(A) #{0}, then u(A) = ,u(_ulA) (so, the minimal atoms are the
1=

only ones which are important from the “measurement” point of view).
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p
Proof. u(A\ EJlAi) ={0} (if not, there exists another minimal atom of

p
). By the null-additivity of z, one gets p(A) = /“(E)lAi) .

4. From the Standard Mathematical Atom to the Fractal
Atom by Means of a Physical Procedure

Let T be an abstract nonvoid set, C a lattice of subsets of T and
m:C —R, an arbitrary set function with m(<) =0. One can immediately
generalize the notions of a pseudo-atom / minimal atom, respectively, to the
case when C is only a lattice and not necessarily a ring.

Example 4.1 (i) It T is a nonempty metric space, then the Hausdorff
dimension dimpaus:P(T) >R (Mandelbrot, 1983) is a monotone real

function. Evidently, dimuaus(<9) = 0.

(i) For every d >0, the Hausdorff measure H® :P(T) - R is an
outer measure, so, particularly, it is a submeasure.

Remark 4.2 (i) The union of two sets A and B having the fractal
dimensions D,, respectively, D has the fractal dimension D, g =
max{D,,Dg};

(ii) The intersection of two sets A and B having the fractal dimensions
D, , respectively, Dg has the fractal dimension D,.z = D, +Dg —d, where
d is the embedding Euclidean dimension (lannaccone and Khokha, 1995).

The following definition is then consistent:

Definition 4.3 A pseudo-atom / minimal atom, respectively, AeC of
m having the fractal dimension D, is said to be a fractal pseudo-atom / fractal
minimal atom, respectively.

One can easily verify the following:

Proposition 4.4 If A/ BeC are fractal pseudo-atoms of m and if
m(AnB) >0, then AnB is a fractal pseudo-atom of m and m(AnB) =
m(A) = m(B).

5. Concluding Remarks

The main conclusions of the present paper are the following:
i) Minimal atomicity in correspondence with Quantum Measure Theory
is discussed and some physical applications are provided,
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ii) The concept of atomicity (and, particularly, of minimal atomicity) is
extended in the form of fractal atomicity, respectively, fractal minimal
atomicity. Some mathematical properties of fractal minimal atomicity are given.
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VARIANTE ALE ATOMICITATII SI UNELE APLICATII FIZICE
(Rezumat)

In aceastd lucrare, prezentam unele rezultate referitoare la diferite forme de
atomicitate din perspectiva teoriei masurii cuantice si stabilim cateva aplicatii in fizica.
Mai precis, extindem conceptul matematic de atomicitate minimala si, pe baza remarcii
conform careia mecanica cuantica este un caz particular de mecanica fractala la o
rezolutie de scala specifica, introducem conceptul de atomicitate fractala (si, in
particular, cel de atomicitate minimala fractala). De asemenea, indicam unele proprietati
matematice ale acestora.



