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Abstract. In this paper we introduce a new type of common limit range
property which generalize the known definition from (Imdad et al., 2012). We
obtain some generalizations of main results proved in (Giniswamy and
Maheshwari, 2014; Popa and Patriciu, 2014; Popa and Patriciu, 2016) in G -
metric space. As applications, some fixed point results for two pairs of mappings
satisfying contractive conditions of integral type and for ¢ - contractive

mappings in G - metric spaces are obtained.
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1. Introduction and Preliminaries

The concept of compatible self mappings is often used in fixed point
theory to prove existence theorems and it was introduced by Jungck (1986).

*Corresponding author; e-mail: Alina.Patriciu@ugal.ro
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Let (X,d) be a metric space. Two self mappings of X, S and T are said
to be compatible if limy,_,., d(STx,,TSx,) =0 whenever {x,} is a sequence in

Xsuchthat lim Sx, = lim Tx, =t forsome te X .
N—o0 N—o0

Let f, g be self mappings of a nonempty set X. A point xe X is a
coincidence point of f and g if w=fx=gx and w is said to be a point of

coincidence of fand g.
The set of all coincidence points of f and g is denoted by C(f, Q).

In (Jungck, 1996) Jungck introduced the notion of weakly compatible
mappings.

Definition 1.1 (Jungck, 1996) Let X be a nonempty set and
f,g: X — X . fand g are weakly compatible if fgu=gfu forall ueC(f,qg).

In 2011, Sintunavarat and Kumam (Sintunavarat and Kumam, 2011)
introduced the notion of common limit range property.
Definition 1.2 (Sintunavarat and Kumam, 2011) A pair (A,S) of self

mappings of a metric space (X,d) is said to satisfy common limit range
property with respect to S, denoted CLR(s)— property, if there exists a

sequence {x,} in X such that lim Ax, = lim Sx, =t, for some t e S(X).
N—o0 N—o0

Thus we can infer that a pair (A,S) satisfying (E.A) - property, along
with the closedness of the subspace S(X), always has CLR sy — property.

Recently, Imdad et al. (2012) extended the notion of common limit
range property to two pairs of self mappings.
Definition 1.3 (Imdad et al., 2012) Two pairs (A,S) and (B,T) of self

mappings of a metric space (X,d) are said to satisfy common limit range
property with respect to S and T, denoted CLR(g 1) — property, if there

exist two sequences {x,} and {y,} in X such that

lim Ax, = lim Sx, = lim By, = lim Ty, =t for some t e S(X) nT(X).
n—oo n—o0 n—o0 N—0

Some results for pairs of mappings satisfying CLR sy —and CLR(s 1) —

property are obtained in (Imdad and Chauhan, 2013; Imdad et al., 2013; Imdad et
al., 2014; Giniswamy and Maheshwari, 2014) and in other papers.

Popa (2017) introduced a new type of common limit range property.

Definition 1.4 Let A, S,T be self mappings of a metric space (X,d).
The pair (A,S) is said to satisfy common limit range property with respect to
T, denoted CLR(a sy7 —Pproperty, if there exists a sequence {x,} in X such

that lim Ax, = lim Sx, =t, for some te S(X) NT(X).

N—o0 N—o0
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Example 1.1 Let R, be the metric space with the usual metric,

2
Ax=X g XL i Then s =] 2 o], Tx) 2| L]
2 2 4 2 2

S(X)mT(X):E,ooj. Let {x,} be a sequence with lim x, =0. Then,

N—o0

lim Ax,, = lim Sx, :%:Z,ZES(X)GT(X).

N—o0 N—o0

Remark 1.1 (Popa, 2017) Let A,B,S and T be self mappings of a
metric space (X,d). If (A/S) and (B, T) satisfy CLR(s 1) — property, then
(A S) satisfy CLR(a sy —property.

The purpose of this paper is to prove a general fixed point theorem for
mappings with CLR(a syt — property and satisfying an implicit relation. As
applications, some fixed point results for two pairs of mappings satisfying
contractive condition of integral type and for ¢ - contractive mappings in
G - metric spaces are obtained.

2. Preliminaries

In (Dhage, 1992; Dhage, 2000), Dhage introduced a new class of
generalized metric spaces, called D - metric space. Mustafa and Sims (2003,
2006) proved that most of the claims concerning the fundamental topological
structures on D - metric spaces are incorrect and introduced an appropriate
notion of generalized metric space, named G - metric space.

In fact, Mustafa, Sims and other authors studied many fixed point
results for self mappings in G - metric spaces under certain conditions (Mustafa
et al., 2008; Shatanawi, 2010; Popa and Patriciu, 2012) and other papers.

Definition 2.1 (Mustafa and Sims, 2006) Let X be a nonempty set and
G: X35 R, be a function satisfying the following properties:
(G1):G(x,y,2)=0 for x=y=12,

(G2):0<G(x,x,y) forall x,ye X with x=y,

(G3):G(x,x,y)<G(x,y,z) forall x,y,ze X with z=y,
(G4):G(x,y,2)=G(Y, z,X) =... (symmetry in all three variables),
(G5):G(x,y,2)<G(x,a,a) +G(a, y,z) forall x,y,z,ae X (triangle inequality).

The function G is called a G - metric on X and (X,G) is called a G -
metric space.

Remark 2.1 Let (X,G) be a G - metric space. If y=z, then the
mapping (x,y) > G(X,y,Yy) is a quasi - metric on X. Hence, (X,Q), where
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Q(x,y)=G(x,y,y) is a quasi - metric and since every metric space is a
particular case of quasi - metric space it follows that the notion of G - metric
space is a generalization of a metric space.

Definition 2.2 (Mustafa and Sims, 2006) Let (X,G) be a G - metric
space. A sequence {x,} in X is said to be
a) G — convergent to xe X if for every £ >0 there exists k € N such that for
all m,n>k we have G(X, Xy, X)) <€.
b) G - Cauchy if for € >0 there exists k e N such that for all m,n,p>k,
G(Xn,Xm, Xp) <€, thatis G(Xy, Xy, Xp) —>0 as m,n, p—>o0.

A G - metric space (X,G) is said to be G - complete if every G -

Cauchy sequence is G - convergent.
Lemma 2.1 (Mustafa and Sims, 2006) Let (X,G) be a G - metric

space. Then, the following conditions are equivalent:
1) {x,} is G - convergent to x;
2) G(Xy,Xp,X)>0as n—oo;
3) G(X,,X,X)—>0as n—oo;
4) G(Xp,Xm,X)—>0as n,m-—>oco.

Lemma 2.2 (Mustafa and Sims, 2006) If (X,G) is a G - metric space,
then the following conditions are equivalent:
1) {x,} is G - Cauchy;
2) for every £>0 there exists ke N such that G(x,,Xm,Xy)<e for all
m,ne N with m,n>k.

Quite recently, in (Popa and Patriciu, 2016) a general fixed point
theorem for two pairs of mappings satisfying CLR s 1) —property is proved.

Remark 2.2. A similar definition with Definition 1.4 we have in G -
metric spaces.

Definition 2.3 (Mustafa and Sims, 2006) A G - metric is symmetric if
G(x, %, y)=G(y,x,x) forall x,yeX.

Definition 2.4 (Khan et al., 1984) An altering distance is a function
¢:[0,0) —[0,0) satisfying:
(¢1):¢ isincreasing and continuous;
(d2):9(t)=0 ifand only if t=0.

Fixed point theorems involving altering distance have been studied in
(Popa and Mocanu, 2009; Popa and Patriciu, 2014; Sastri and Babu, 1998;
Sastri and Babu, 1999), and in other papers.

Definition 2.5 A function y:[0,0) —[0,) is an almost altering
distance if:
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(w1) 1w is continuous;
(v2):y()=0 ifand only if t=0.

Remark 2.3 (Popa and Patriciu, 2016) Every altering distance is an
almost altering distance, but the converse is not true.

3. Implicit Relations

Various fixed point theorems and common fixed point theorems have
been unified considering a general contractive condition defined by an implicit
relation in (Popa, 1997; Popa, 1999) and in other papers. The study of fixed
points for mappings satisfying implicit relations has been initiated in (Popa and
Patriciu, 2012; Popa and Patriciu, 2013) in the setting of G - metric spaces, the
case of pairs of mappings with common limit range property beeing was studied
first in (Imdad and Chauhan, 2013) in the setting of metric spaces, then in the
setting of G - metric spaces in (Popa and Patriciu, 2014).

A new class of implicit relations was introduced in 2008 by Ali and
Imdad (Ali and Imdad, 2008).

Definition 3.1 (Ali and Imdad, 2008) Let Fp, be the family of lower

semi - continuous functions F(tl,...,te):Rf — R satisfying the following
conditions:
(Fy):F(t,0,t,0,0,t)>0 forall t>0,
(F»):F(,0,0,t,t0)>0 forall t>0,
(F3):F(t,t,0,0,tt)>0 forall t>0.

Example 3.1 F(t,...tg) =t —at, —btz —ct, —dtg —etg , where
a,b,c,d,e>0 and a+b+c+d+e<1.

Example 3.2 F(tl,...,te)ztl—kmax{tz,t3,t4,t5 +t6} ,  Where
kel[0]1).

Example 3.3 F(ty,....t5) =t; —kmax{t,,t3,...,tg}, where k €[0,1).

Example 3.4 F(ty,...tg) =1 —kmax{tz,%,%} ,  Where
kel[0]1).

Example 3.5 F(ty,....tg) =t —at, —bmax{t3,t4}—cmaxf,,t5,tg} .
where a,b,c>0 and a+b-+c<1.

Example 3.6 F(y,...,tg) =t; —amax{ty,t3,t4}— (1—o)(ats +btg) ,
where a.(0,1), a,b>0 and a+b<1.
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b(ts +tg)

Example 3.7 F(t,....tg)=t; —at, —
p (tg,...tg) =ty —aty L+t; +t,

, where a,b>0 and

a+2b<1.

Example 3.8 F(t,...,tg) =t; —max{ct,,ctz,cty,ats +btg} , where
a,b,c>0and a+b+c<1.

For other examples, see (Ali and Imdad, 2008).

The following theorem is proved in (Popa and Patriciu, 2016).

Theorem 3.1 (Popa and Patriciu, 2016) Let A, B, S and T be self
mappings of a G - metric space (X,G) satisfying inequality

(W(G(Ax, By, BY)), w(G(Sx, Ty, Ty)),w(G(Sx, Sx, AX)),j
w(G(Ty, By, BY)),w(G(Sx By, BY)),w(G(AX,Ty,Ty))

forall x,ye X, FeFp; and vy is an almost altering distance.

If (A'S) and (B,T) satisfy CLR(s 1y — property, then
1) C(AS) =0,
2) C(B,T)=0.

Moreover, if (A,S) and (B,T) are weakly compatible, then A, B, S
and T have a unique common fixed point.

This theorem unifies the results from (Giniswamy and Maheshwari,
2014) and generalizes the main results from (Popa and Patriciu, 2014).

<0 (3.1

4. Main Results

Lemma 4.1 (Abbas and Rhoades, 2009) Let f,g be two weakly
compatible self mappings of a nonempty set X. If f and g have a unique point of
coincidence w= fx=gx for some xe X, then w is the unique common fixed

point of f and g.
Theorem 4.1 (Popa and Patriciu, 2016) Let A, B, S and T be self
mappings of a G - metric space (X,G) satisfying the inequality

F(W(G(Ax, By, BY)). w(G(SX, Ty, Ty)), w(G(Sx, Sx, AX))-J <0 (41)
w(G(Ty, By, BY)),w(G(Sx, By, BY)), w(G(Ax, Ty, Ty)) ) |

forall x,ye X ,where F eFp, and y is an almost altering distance.
If there exist u,ve X such that Au=Su and Tv = Bv, then there exists

te X such that t is the unique point of coincidence of A and S, as well t is the
unique point of coincidence of B and T.

Theorem 4.2 Let A, B, S and T be self mappings of a G - metric space
(X,G) satisfying the inequality (4.1) for all x,y e X ,whereF e Fp; and vy is
an almost altering distance.
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Assume that (A, S) and T satisfy CLR(a syr — property. Then
i) C(AS)=0,
ii) C(B,T)=0.

Moreover, if in addition (A,S) and (B,T) are weakly compatible, then
A, B, Sand T have a unique common fixed point.

Proof. Since (A,S) and T satisfy CLR(a syt — property, there exists a
sequence {x,} in X such that
lim Ax, =r!iit108xn =z and zeS(X)NT(X).

n—oo

Since zeT(X), there exists ue X such that z=Tu. By (4.1) we

obtain
F y(G(AXp, Bu,Bu)),w(G(Sxn, Tu,Tu)),w(G(Sx,, SXn, AXp)),

( y(G(Tu, Bu, Bu)),w(G(Sxp, Bu, Bu)), w(G(Ax,, Tu, Tu)) j

Letting n tend to infinity we obtain

F(y(G(z, Bu, Bu)),0,0, w(G(z, Bu, Bu)),yw(G(z, Bu, Bu)),0)) <0,
a contradiction of (F,) if w(G(z, Bu,Bu))>0. Hence, G(z, Bu, Bu) =0, which
implies z=Bu=Tu and C(B,T)=0.

Since zeS(X), there exists ve X such that z=Sv. By (4.1) we

<0

obtain

<

y(G(Av, Bu, Bu)),yw(G(Sv, Tu,Tu)),yw(G(Sv, Sv, Av)),
(\V(G(Tu, Bu, Bu)),yw(G(Sv, Bu, Bu)),w(G(Av,Tu,Tu))j
i.e.
F(y(G(Av, z,2)),0,w(G(z,z, Av)) 0,0, w(G(Av, z,2))) <0.
a contradiction of (Fy) if w(G(Av,z,2)))>0. Hence, y(G(Av,z,z2)))=0,
which implies z=Av=Sv and C(A,S)=0 and z is a point of coincidence of
A and S. Hence z is a common fixed point of coincidence of (A,S) and
(B,T).
By Theorem 4.1, z is the unique point of coincidence of (A,S) and
(B,T).
Moreover, if in addition (A,S) and (B, T) are weakly compatible, then
by Lemma 4.1, z is the unique fixed pointof A, B,S and T .
Remark 4.1 If AB,S and T have CLR(sT)— property, then by
Theorem 4.2 and Remark 1.2, we obtain Theorem 3.1.
If y(t)=t, then by Theorem 4.2 we obtain
Theorem 4.3 Let A/B,S and T be self mappings of a G - metric
space (X,G) satisfying the inequality
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(G(Ax, BY, BY),G(Sx Ty, Ty),G(Sx, Sx, AX) j <0 (4.2)

G(Ty, By, By),G(Sx, By, By),G(Ax, Ty, Ty)
forall x,ye X ,where F eFp.
Assume that (A, S) and T satisfy CLR( syr — property. Then
i) C(AS)=0,
ii) C(B,T)=0.
Moreover, if in addition (A,S) and (B,T) are weakly compatible, then
A/B,S and T have a unigue common fixed point.

Corollary 4.1 (Theorem 2.5 (Giniswamy and Maheshwari, 2014)) Let
(X,G) be a G - metric space and A,B,S and T be self mappings of X such that

1) (A/S) and (B,T) satisfy CLRs 1) — property,
2)
G(Ax, By, Bz) < pG(Sx, Ty, Ty) + gG(Sx, Sx, AX) +
+rG(Ty, Bz, Bz) + t[G(AXx, Ty, Tz) + G(Sx, By, By)],
forall x,y,ze X ,where p,q,r,t>0 and p+q+r+t<1.
If (A,S) and (B,T) are weakly compatible, then A,B,S and T have

a unique common fixed point.
Proof. Let y =2z, then by (4.3) we obtain a particular case of (4.2) and

the proof it follows by Remark 1.1, Theorem 4.3 and Example 3.1.
Corollary 4.2 (Theorem 2.6 (Giniswamy and Maheshwari, 2014)) Let
(X,G) be a G - metric space and A,B,S and T be self mappings of X such that

1) (A'S) and (B,T) satisfy CLR(g 1) — property,
2) G(Ax,By,Bz)<hu(x,Yy,z),where he(0,1), x,y,ze X and

(4.3)

u(x,y,z)= max{G(Sx,Ty,Tz),G(Ax, SX, SX),
(4.9

G(SK Ty, Ty), G(AXx,Ty,Tz) + G(Sx, By, Bz) }

2
Then (A,S) and (B,T) have a point of coincidence in X . Moreover, if
in addition (A,S) and (B,T) are weakly compatible, then A, B,S and T have
a unique common fixed point.
Proof. Let y =2z, then by (4.4) we obtain

G(Ax, By, By) <hmax {G(Sx,Ty,Ty), G(Sx, Sx, AX),

G(Ty, By, By),

G(Sx, By, By) + G(Ax,Ty,Ty)}
5 .
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The proof it follows by Remark 1.1, Example 3.2 and Theorem 4.2.
For a function f :(X,G)— (X,G) we denote

Fix(f)={xe X :x= x}.
Theorem 4.4 (Theorem 4.7 (Popa and Patriciu, 2016)) Let A,B,S and
T be self mappings of a G - metric space (X,G). If the inequality (4.1) holds
forall x,ye X ,where F e Fa; and y is an almost altering distance, then
[Fix(S) m Fix(T)] Fix(A) =[Fix(S) n Fix(T)]~ Fix(B).
Theorems 4.2 and 4.4 imply the following one.
Theorem 4.5 Let S,T and {Aj}, .~ be self mappings of a G - metric

space (X,G) satisfying the inequality

F[ V(G(AX, A1y, A Y)), w(G(SX Ty, TY)), w(G(Sx, S, Ax)),
WGy, AisaYs Aiaay)) w(G(SX, Aigy, AiaY)) w(G(A X Ty, Ty))

jso, (4.5)

forall x,ye X ,ieN", where F e Fp; and v is an almost altering distance.
If (A,S) and T satisfy CLR(a,5)T — Property and (A,S) and
(Ap,T) are weakly compatible, then S,T and {Ati have.a unique

common fixed point.

Proof. Let i=1. By Theorem 4.2, A;,A,,S and T have a unique
common fixed point z . Then we have ze[Fix(S)Fix(T)]nFix(4) .
Suppose  that there exists an other point z; such that
z €[Fix(S) m Fix(T)]  Fix(A;) . By the first part of the proof of Theorem 4.4,
z; € Fix(Ay). Hence z; is an other common fixed point of A, A,,S and T , a
contradiction of Theorem 4.2, hence, z €[Fix(S) n Fix(T)]n Fix(A) .

Let i=2.By Theorem 4.4,

z €[Fix(S) N Fix(T)] N Fix(Ag) =...=[Fix(S) N Fix(T)]n Fix(A¢) =... .

Hence, z is the unique common fixed point of S, T and {A }ieN*.

If y(t)=t, from Theorem 4.5 we obtain

Theorem 4.6 Let S,T and {Aj}, .~ be self mappings of a G - metric

space (X,G) satisfying the inequality

F( G(AX ALY, AigY), G(SX Ty, Ty), G(Sx, Sx, AjX), )<O (4.6)
G(Ty, Ay, Aiu1Y), G(SX, AaY, Al Y), G(AX Ty, Ty) ) ’ .

forall x,y e X , where ieN" and FeFp.
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Assume that (A;,S) and T satisfy CLR(s syt — property and
(A,S)and (A,,T) are weakly compatible. Then S,T and {Ai}ieN* have a
unique common fixed point.

5. Applications

5.1. Fixed Points for Mappings Satisfying Contractive Conditions
of Integral Type in G - Metric Spaces

In (Branciari, 2002), Branciari established the following theorem which
opened the way to the study of fixed points for mappings satisfying contractive
conditions of integral type.

Theorem 5.1 (Branciari, 2002) Let (X,d) be a complete metric

space, ce(0,1) and f: X — X such that for all x,ye X

d(fx, fy) d(x,y)
[ “hitydt<c [ h(t)dt
0 0

whenever h:[0,0) —[0,00) is a Lebesgue measurable mapping which is
summable (i.e., with finite integral) on each compact subset of [0, ), such that

€
[h(t)dt>0, for each £>0. Then, f has a unique fixed point ze X such that
0
forall xe X, z= lim f"x.
N—o0

Some fixed point results for mappings satisfying contractive conditions
of integral type are obtained in (Popa and Mocanu, 2007; Popa and Mocanu,
2009).

Lemma 5.1 Let h:[0,0) »[0,0) as in Theorem 5.1. Then

t
y:[0,00) >[0,0) defined by w(t)=[h(x)dx is an altering distance, in
0

particular is an almost altering distance.
Proof. The proof it follows from Lemma 2.5 (Popa and Mocanu, 2009).
Theorem 5.2 Let A/B,S and T be self mappings of a G - metric

space (X,G) such that

G(Ax,By,By) G(Sx,Ty,Ty) G(Sx,Sx,Ax)
[h(t)dt,  [h(t)dt,  [h(t)dt,
0 0 0

G(Ty,By,By) G(Sx,By,By) G(AxTy,Ty) <0 !
[h(t)dt,  [h(t)dt,  [h(t)dt
0 0 0

(5.1)
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forall x,y e X ,where F e Fa; and h(t) asin Theorem 5.1.
Assume that (A,S) and T satisfy CLR( syr — property. Then
i) C(A,S)=0,
ii) C(B,T)=0.
Moreover, if in addition (A,S) and (B,T) are weakly compatible, then
A/B,S and T have a unigue common fixed point.

t
Proof. By Lemma 5.1, y(t) = [h(x)dx is an almost altering distance.
0
By (5.1) we obtain

F[\V(G(AX, By, BY)),w(G(Sx, Ty, Ty)),w(G(Sx, Sx, AX)),j

v(G(Ty, By, BY)),w(G(Sx, By, BY)),w(G(AX, Ty, Ty))
Hence the conditions of Theorem 4.2 are satisfied and the conclusions
of Theorem 5.3 follows.
From Theorem 5.2 and Example 3.2 we obtain
Theorem 5.3 Let (X,G) be a G - metric space and A,B,S and T be

self mappings of X satisfying

<0

G(Ax,By,By) G(SxTy,Ty) G(Sx,Sx,Ax) G(Ty,By,By) G(Sx,By,By) G(AxTy,Ty)
[ht)dt<kmax]  [h®)dt,  [h(t)dt, ~ [h(t)dt,  [h(t)dt,  [h(t)dt},
0 0 0 0 0 0

for all x,ye X, where k[0,1) and h(t) is asin Theorem 5.1.
Assume that (A, S) and T satisfy CLR(a syr — property. Then
i) C(A,S)=0,
ii) C(B,T)=0.
Moreover, if in addition (A,S) and (B,T) are weakly compatible, then
A/B,S and T have a unigue common fixed point.

Remark 5.1 By Theorem 5.2 and Examples 3.2 — 3.8 we obtain new
particular results.

5.2. Fixed Points for Mappings Satisfying ¢ - Contractive
Conditions in G - Metric Spaces

As in (Matkowski, 1997), let ¢ be the set of all real nondecreasing
continuous functions ¢:[0, ) —[0,0) with lim ¢"(t)=0, forall t €[0,).
nN—o0
If o €d,then
1) o(t) <t forall te(0,x),
2) ¢(0)=0.
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The following functions F :R?r — R satisfy conditions (F) —(F3).
Example 51 F(tl,...,t6) =t1 —(p(maXﬁz,tg,...,t6}) .

tg +1
Example 5.2 F(tla---:t6)=t1—(p(max{tz,t3,t4, 5J2r e}j.

i+t tg+t
Example 5.3 F(tl,...,tﬁ)ztl—(p(max{tz, 3; 4 5 + G}J_

2

Example 5.4 F(tll""tG) =t1 - (p({maX{tz,\/tgt4 ,\/t3t5 ,\/t4t6 ,\/t5t6 })
Example 55 F(ty,...tg) =t; —o(at, + btz +ct, +dts +etg) , where
a,b,c,d,e>0and a+b+c+d+e<l.

by/tst
Example 5.6 F(ty,...tg)=t; — | aty +—Y2% | where a,b>0
1+t3 +t4

and a+b<1.

ta+ty tg+t
Example 5.7 F(tl,,.,,t6):t1—q{at2 +bmax{t3,t4}+cmax{ 3; 4 542r e}]

where a,b,c>0 and a+b+c<1.

2ty +15 2ty +1g t3+t5+t
Example 5.8 F(tl,---,te)=t1—cp[at2+bmax{ 4; 5 4; 6 3+§+ 6}]

where a,b>0 and a+b<1.

By Theorem 4.2 and Example 5.1 we obtain

Theorem 5.4 Let A/B,S and T be self mappings of a G - metric
space (X,G) such that

v (G(AX, By, By)) < o(max{y(G(Sx, Ty, Ty)),w(G(Sx, Sx, AX)),
w(G(Ty, By, By)),w(G(Sx, By, BY)),w(G(AX Ty,Ty))}),

for all x,ye X, where pe¢ and y is an almost altering distance.
Assume that (A,S) and T satisfy CLR(a )7 — property. Then
i) C(AS)=0,
i) C(B,T)=0.
Moreover, if in addition (A,S) and (B,T) are weakly compatible, then
A/B,S and T have a unique common fixed point.
If y(t)=t, from Theorem 5.4 we obtain

Theorem 5.5 Let A/B,S and T be self mappings of a G - metric
space (X,G) such that
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G(AXx, By, By) < o(max{G(Sx, Ty, Ty),G(Sx, Sx, Ax),
G(Ty, By, By),G(Sx, By, By), G(Ax, Ty, Ty)}),
forall x,ye X, where pe¢.

Assume that (A,S) and T satisfy CLR(a syr — property. Then
i) C(AS)=0,

ii) C(B,T)=0.

Moreover, if in addition (A,S) and (B,T) are weakly compatible, then
A/B,S and T have a unigue common fixed point.

Corollary 5.1 (Giniswamy and Maheshwari, 2014) Let (X,G) be a
symmetric G - metric space and A /B,S and T be self mappings of X such
that
1) (A'S) and T satisfy CLR(g 1) —property,

2) G(Ax, By, Bz) < g(max{G(Sx,Ty,Tz),G(Sx, By, Bz),G(Ty, By, Bz),G(By, Ty,Tz)}),
forall x,ye X ,where pe¢.
3) (A S) and (B,T) are weakly compatible.

Then A,B,S and T have a unique common fixed point.

Proof. If y=2z we have
G(Ax, By, By) < p(max{G(Sx, Ty, Ty), G(Sx, By, By), G(Ty, By, By),G(By, Ty, Ty)}),

Since G is symmetric ( G(By,Ty,Ty)=G(Ty,By,By) ) and ¢ is
nondecreasing, then

G(Ax, By, By) < g(max{G(Sx, Ty, Ty),G(Sx, By, By),G(Ty, By, By)})
< g(max{G(Sx, Ty, Ty),G(Sx, Ax, Ax),G(Ty, By, By),G(Sx, By, By), G(Ax, Ty, Ty)})

and by Theorem 5.5, A,B,S and T have a unigue common fixed point.
Remark 5.2 Similarly, by Examples 5.2 — 5.6 and Theorem 5.5 we
obtain new particular results.
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TEOREME DE PUNCT FIX PENTRU DOUA PERECHI
DE FUNCTII CARE SATISFAC UN NOU TIP DE PROPRIETATE A
LIMITEI COMUNE iN SPATII G — METRICE

(Rezumat)

Tn aceasta lucrare introducem un nou tip de proprietate a limitei comune, care
generalizeaza definitia cunoscutd din (Imdad et al., 2012). Obtinem céteva generalizari
a principalelor rezultate demonstrate in (Giniswamy and Maheshwari, 2014; Popa and
Patriciu, 2014; Popa and Patriciu, 2016) in spatii G — metrice. Ca aplicatii, sunt obtinute
cateva rezultate de punct fix pentru doua perechi de functii care satisfac conditii
contractive de tip integral si pentru functii ¢ - contractive in spatii G - metrice.
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